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', Abstract 



In this paper we prove that, given a compact four dimensional smooth Riemannian manifold (M, g) with 
smooth boundary there exists a metric conformal to g with constant T-curvature, zero Q-curvature and 
zero mean curvature under generic and conformally invariant assumptions. The problem amounts to 



solving a fourth order nonlinear elliptic boundary value problem (BVP) with boundary conditions given by 
a third-order pseudodiffcrcntial operator, and homogeneous Neumann one. It has a variational structure, 
but since the corresponding Euler-Lagrange functional is in general unbounded from below, we look for 
saddle points. In order to do this, we use topological arguments and min-max methods combined with a 
compactness result for the corresponding BVP. 
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1 Introduction 

■ i — i i 

In recent years, there has been an intensive study of conformally covariant differential (or even pseudod- 
ifferential) operators on compact smooth Riemannian manifolds, their associated curvature invariants in 
order to understand the relationships between analytic and geometric properties of such objects. 

A model example is the Laplacc-Bcltrami operator on compact closed surfaces which governs 

the transformation laws of the Gauss curvature. In fact under the conformal change of metric g u — e 2u g, 
we have 

(1) A 9 „ = e~ 2u A g ; -A g u + K g = K gu e 2u , 

where A g and K g (resp. A gu and K gu ) are the Laplace-Beltrami operator and the Gauss curvature of 
(E,g) (resp. of (E,g„)). 

Moreover we have the Gauss-Bonnet formula which relates J„ K g dV g and the topology of S : 



L 



K g dV g = 27r X (£); 



where x(S) is the Euler-Poincare characteristic of X. From this we deduce that J s K g dV g is a topological 
invariant (hence also a conformal one). Of particular interest is the classical Uniformization Theorem 
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which says that every compact closed Riemannian surface carries a conformal metric with constant Gauss 
curvature. 

There exists also a conformally covariant differential operator on four dimensional compact closed 
Riemannian manifolds called the Paneitz operator, and to which is associated a natural concept of 
curvature. This operator, discovered by Paneitz in 1983 (see [30 ) and the corresponding Q-curvature 
introduced by Branson (see [4]) are defined in terms of Ricci tensor Ric g and scalar curvature R g of 
the Riemannian manifold (M, g) as follows 

(2) P g <p = A 2 g ip + div g (^R g g-2Ric g )d<p; 



(3) Q g ^~-(A g R g -R 2 g + 3\R lCg \ 2 ), 

where ip is any smooth function on M. 

As the Laplace-Bcltrami operator governs the transformation laws of the Gauss curvature, we also 
have that the Paneitz operator does the same for the Q-curvature. Indeed under a conformal change of 
metric g u — e 2u g we have 

P gu = e~ 4u P g] P g u + 2Q g = 2Q gu e 4u . 

Apart from this analogy, we also have an extension of the Gauss-Bonnet formula which is the Gauss- 
Bonnet-Chern formula 

/ {Q 9 + L i L )dV g =l-K 2 X {M), 
Jm 8 

where W g denotes the Weyl tensor of (M,g), see [17]. Hence, from the pointwise conformal invariance 
of \ W g \ 2 dV g , it follows that the integral of Q g over M is also a conformal invariant one. 

As for the Uniformization Theorem for compact closed Riemannian surfaces, one can also ask if ev- 
ery closed compact four dimensional Riemannian manifolds carries a metric conformally related to the 
background one with constant Q-curvature. 

A first positive answer to this question was given by Chang-Yang .llj under the assumptions that P g non- 
negative and J M Q g dV g < 8ir 2 . Later D j adli-Malchiodi [17] extend Chang- Yang result to a large class of 
compact closed four dimensional Riemannian manifold assuming that P g has no kernel and J M Q g dV g is 
not an integer multiple of 8ir 2 . 

On the other hand, there are high-order analogues to the Laplace-Beltrami operator and to the Paneitz 
operator for high-dimensional compact closed Riemannian manifolds and also to the associated curva- 
tures (called again Q-curvatures), see[20],[2T] and [23] . 

As for the question of the existence of constant Q-curvature conformal metrics on a given compact closed 
four dimensional Riemannian manifold, regarding high-dimensional Q-curvature, one can still ask the 
same question for a compact closed Riemannian manifolds of arbitrary dimensions. 

A first affirmative answer has been given by Brendle in the even dimensional case under the assumption 
that the high-dimensional analogue of the Paneitz operator is non-negative and the total integral of the 
Q-curvature is less than (n — l)lu> n ( where ui n is the area of the unit sphere S n of R n+1 ) using a 
geometric flow, see[6]. The result of D i adli-Malchiodi [17] (and the one in[6]) has been extended to all 
dimensions in [27j . 

As for the case of compact closed Riemannian manifolds, many works have also been done in the study 
of conformally covariant differential operators on compact smooth Riemannian manifolds with smooth 
boundary their associated curvature invariants, the corresponding boundary operators and curvatures in 
order also to understand the relationship between analytic and geometric properties of such objects. 
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A model example is the Laplace-Beltrami operator on compact smooth surfaces with smooth bound- 
ary (£, g), and the Neumann operator on the boundary. Under a conformal change of metric the couple 
constituted by the Laplace-Beltrami operator and the Neumann operator govern the transformation 
laws of the Gauss curvature and the geodesic curvature. In fact, under the conformal change of metric 
9u = e 2u g, we have 

-A g u + K g = K gu e 2u in £; 





- e~ 2u A ■ 




d 




and 




drig 





du 
dn g 



kg = kg u e u on <9£. 



where A g (resp. A 9u ) is the Laplace-Beltrami operator of ( S, g) (resp. (Yj : g u )) and K g (resp. K 3u ) is 
the Gauss curvature of (£, g) (resp. of (£,<?„)), (resp g ® ) is the Neumann operator of ( £, g) (resp. 
of (£,#„)) and fc s (resp. fc 9u ) is the geodesic curvature of (<9£,g) (resp of (dT, y g u )) . 
Moreover we have the Gauss-Bonnet formula which relates J s K g dV g + J as k g dS g and the topology of £ 



(4) 



/ K g dVg+ f kgdSg = 2TTX(X) 1 



where x(^) is the Euler-Poincare characteristic of £, dV g is the element area of £ and dS g is the line 
element of 9£. Thus J s K g dV g + J as k g dS g is a topological invariant, hence a conformal one. 
In this context, of particular interest is also an analogue of the classical Uniformization Theorem, namely 
given a compact Riemannian surface (£, g) with boundary, does there exists metrics conformally related 
to g with constant Gauss curvature and constant geodesic curvature. This problem has been solved 
through the following theorem (for a proof see [5]) 

Theorem 1.1 Every compact smooth Riemannian surface with smooth boundary (£,g) carries a metric 
conformally related to g with constant Gauss curvature and constant geodesic curvature. 

As for compact closed four dimensional Riemannian manifolds, on four-manifolds with boundary we 
also have the Paneitz operator P g and the Q-curvature. They are defined with the same formulas (see 
([2]) and (J3|) and enjoy the same invariance properties as in the case without boundary, see ([1]). 

Likewise, Chang and Qing[H] have discovered a boundary operator Pg defined on the boundary of com- 
pact four dimensional smooth Riemannian manifolds and a natural third-order curvature T g associated 
to Pg as follows 



= + A *lr ~ m9A ^ + ^W(V,) a (V,) b + VgHg.Vg^ +(F-^)^- 



1 (9i? 1 1 
T g = -^g^ + ^R 9 H 9 - < G g ,L g > +3H 3 g - -Tr(L 3 ) + A g H g , 

where ip is any smooth function on M , g is the metric induced by g on dM, L g = (L g )ab = — ^^f^ 

is the second fundamental form of dM, H g = ^tr(L g ) = ^g ab L a b ( g a ' b are the entries of the in- 
verse g^ 1 of the metric g) is the mean curvature of dM, R^ cd is the Riemann curvature tensor F = 
R na,n R abcd = 9akRb cd ( 9a,k are the entries of the metric g) and < G g , L g >= R 

anbn \-^q jab • 



On the other hand, as the Laplace-Beltrami operator and the Neumann operator govern the transfor- 
mation laws of the Gauss curvature and the geodesic curvature on compact surfaces with boundary under 
conformal change of metrics, we have that the couple (P g ,P g ) does the same for (Q g ,T g ) on compact 
four dimensional smooth Riemannian manifolds with smooth boundary. In fact, after a conformal change 
of metric g u = e 2u g we have that 

{pi _ -iu pi, 
, V and 
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Apart from this analogy we have also an extension of the Gauss-Bonnet formula J4]) which is known 
as the Gauss-Bonnet-Chern formula 

(5) / (Q g +^jf-)clV g + I (T + Z)dS g — 47r 2 x(M) 

JM 8 JdM 

where W g denote the Weyl tensor of [M, g) and ZdS g (for the definition of Z see [8]) are pointwise 
conformally invariant. Moreover, it turns out that Z vanishes when the boundary is totally geodesic (by 
totally geodesic we mean that the boundary dM is umbilic and minimal) . 
Setting 

k p, 4 = / QgdV g , K P s = / TgdSg] 
JM JdM 

we have that thanks to ([5]), and to the fact that W g dV g and ZdS g are pointwise conformally invari- 
ant, Kpi + Kp3 is conformally invariant, and will be denoted by 

(6) K(p4p3j = Kp4 + Kp3. 

The Riemann mapping Theorem is one of the most celebrated theorems in mathematics. It says that 
an open, simply connected, proper subset of the plane is conformally diffcomorphic to the disk. So one 
can ask if such a theorem remains true in dimension 4. Unfortunately in dimension 4 few regions are 
conformally diffeomorphic to the ball. 

However, in the spirit of the Uniformization Theorem (Theorem II .![) . one can still ask, if on a given 
compact four dimensional smooth Riemannian manifold with smooth boundary, there exists a metric 
conformal to the background one with zero Q-curvature, constant T-curvature and zero mean curvature. 
In the context of the Yamabe problem, related questions were raised by Escobar [15] . 



In this paper, we are interested to give an analogue of the Riemann mapping Theorem (in the spirit 
of Theorem 1 to compact four dimensional smooth Riemannian manifold with smooth boundary under 
generic and conformally invariant assumptions. Writting g u — e 2u g, the problem is equivalent to solving 
the following BVP: 

P A g u + 2Q g = in M; 

P 3 u + T g = fe 3u on dM; 

Q 

■7—— - H g u = on dM. 

8n g 

where Q is a fixed real number and is the inward normal derivative with respect to g. 

Due to a result by Escobar, [19] . and to the fact that we are interested to solve the problem under 
conformally invariant assumptions, it is not restrictive to assume H g = 0, since this can be always 
obtained through a conformal transformation of the background metric. Thus we are lead to solve the 
following BVP with Neumann homogeneous boundary condition: 



(7) 



P^u + 2Q g = in M; 

Pjfu + T g = fe 3u on dM; 
du 

— = on dM. 

dn g 



Defining H a as 

H JL = \ueH 2 (M): p- = 6\) 
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and P5' 3 as follows, for every u,v £ H a 

y dn 

(P^u, v) L2[M) = j (^ a u^ g v + ^R g X7 g uX7 g v^j dV g - 2 J Ric g {V g u, \7 g v)dV g 

-2 f L g (\7 g u,V g v)dS g , 

JdM 

we have that by the regularity result in Proposition ^. 31 below, critical points of the functional 

II{u) = (P 4 ' 3 u, w> 2 +4 / Q g udV g +4 I T g udS g - -« ( p* )P a) log / e 3u dS g ; ueHjl, 

V ; JM JdM JdM dn 

which are weak solutions of Q are also smooth and hence strong solutions. 

A similar problem has been adressed in [28] , where constant Q-curvature metrics with zero In- 
curvature and zero mean curvature are found under generic and conformally invariant assumptions. 

In [53], using heat flow methods, it is proven that if the operator P g ' 3 is non-negative, KerP g ' 3 ~ R, and 
K( P 4 p3) < 47r 2 the problem {?]) is solvable. 

Here we are interested to extend the above result under generic and conformally invariant assumptions. 
Our main theorem is: 

Theorem 1.2 Suppose KerP g ' 3 ~ R. Then assuming n^pi^p^ ^ k4w 2 for k — 1,2, we have that 
(M,g) admits a conformal metric with constant T- curvature, zero Q-curvature and zero mean curvature. 

Remark 1.3 a) Our assumptions are conformally invariant and generic, so the result applies to a large 
class of compact A- dimensional manifolds with boundary. 

b) From the Gauss-Bonnet-Chern formula, see ([5]) we have that Theorem \1.2\ does NOT cover the case 
of locally conformally flat manifolds with totally geodesic boundary and positive integer Euler- Poincare 
characteristic. 

Our assumptions include the two following situations: 

(8) Kjp4 p3) < 47r 2 and (or) P 4 ' 3 possesses k negative eigenvalues (counted with multiplicity) 
(9) 

K(p4 p3) G (4fc7r 2 , 4(fc + l)7r 2 ) , for some k e N* and (or) P g ' 3 possesses k negative eigenvalues 

(counted with multiplicity) 

Remark 1.4 Case © includes the condition (k = 0) under which in it is proven existence of solu- 
tions to ([7]), hence will not be considered here. However due to a trace Moser-Trudinger type inequality 
(see Proposition \2.4\ below) it can be achieved using Direct Method of Calculus of Variations. 
In order to simplify the exposition, we will give the proof of Theorem \l.S\ in the case where we are in 
situation ([9]) and k — (namely P g ' 3 is non-negative). At the end of Section 4 a discussion to settle 
the general case ((9]) and also case ([8]) is made. 

To prove Theorem 1 1.2 1 we look for critical points of 77. Unless K(p4 P 3) < 47r 2 and k — 0, this Euler- 
Lagrange functional is unbounded from above and below (see Section 4) , so it is necessary to find extremals 
which are possibly saddle points. To do this we will use a min-max method: by classical arguments in 
critical point theory, the scheme yields a Palais-Smale sequence, namely a sequence («;)' G H _o_ satisfying 
the following properties 

II{ui) -> c e R; II (ui) -^0 as I -> +oo. 
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Then, as is usually done in min-max theory, to recover existence one should prove that the so-called 
Palais-Smale condition holds, namely that every Palais-Smale sequence has a converging subsequense or 
a similar compactness criterion. Since we do not know if the Palais-Smale condition holds, we will employ 
Struwe's monotonicity method, see [33], also used in [17] and [27]. The latter yields existence of solutions 
for arbitrary small perturbations of the given equation, so to consider the original problem one is lead to 
study compactness of solutions to perturbations of {7J. Precisely we consider 



(10) 



P^ui + 2Qi = in M; 

p3 Ul + T t = T/e 3u! on DM; 



dui 
dn g 



on dM. 



where 

(11) Ti — >f >0 in C 2 (dM) Ti — > T in C 2 {dM) Q t — > Q in C 2 {M); 



Remark 1.5 From the Green representation formula given in Lemma \2.2\ below, we have that if ui is a 
sequence of solutions to ([TO]) , then ui satisfies 

«,(») = -2/ G(x,y)Q l (y)dV g -2 f G(x,y)Ti(y)dS g (y) + 2 / G(x,y)f l (y)e 3u ^dS g (y). 

JM JdM JdM 

Therefore, under the assumption (fTTT) . if sup gM ui < C, then we have ui is bounded in C A+a for every 
ag(0,l). 

In this context, due to Remark ll.5l we say that a sequence (ui) of solutions to (I10|) blows up if the 
following holds: 

(12) there exist xi G dM such that Ui(xi) — > +00 as I — » +00, 
and we prove the following compactness result. 

Theorem 1.6 Suppose KerP g ,s ~ M and that (u{) is a sequence of solutions to (I10[) with Ti, Ti and 
Qi satisfying (jlip . Assuming that (ttj); blows up (in the sense of (|12p ) and 

(13) / Q dV g + [ T dS g + Ol (l) = [ Te^dSg- 

Jm JdM JdM 

then there exists N 6 N \ {0} such that 

I QodV g + [ T dS g = 4Nn 2 . 
Jm JdM 

From this we derive a corollary which will be used to ensure compactness of some solutions to a sequence of 
approximate BVP's produced by the topological argument combined with Struwe's monotonicity method. 
Its proof is a trivial application of Theorem 11.61 and Proposition ^. 3l below. 

Corollary 1.7 Suppose KerP g ' 3 ~ R. 

a) Let (ui) be a sequence of solutions to (110p with T, TJ and Qi satisfying (jlip . Assume also that 

[ QodV g + [ T dSg + oi(l)= [ Te^'dVg; 

Jm JdM JdM 



6 



and 

k = I Q Q dV g + [ T dS g ^4kn 2 k = 1,2,3,.... 

JM JdM 

then (ui)i is bounded in C 4+a (M) for any a G (0, 1). 

b) Let (ui) be a sequence of solutions to ([7]) for a fixed value of the constant T. Assume also that K(p4 p3j ^ 
Akir 2 , then (ui)i is bounded in C m (M) for every positive integer m. 

c) Let (u Pk ) pk — » 1 be a family of solutions to ([7j with T g replaced by pkT g , Q g by pkQg and T by 
PkT for a fixed value of the constant T . Assume also that K(p« ,p3) ^ Akir 2 , then (u Pk )k is bounded in 
C m (M) for every positive integer m. 

d) If K^pipsj 7^ 4fc7r 2 k = 1,2, 3, . .., then the set of metrics conformal tog with constant T -curvature 
the constant being the same for all of them, and with zero Q-curvature and zero mean curvature is com- 
pact in C m {M) for positive integer m. 

f) If K(p4 p3) ^ 4fc7r 2 k = 1, 2, 3, ... , then the set of metrics conformal to g with constant T -curvature 
,zero Q-curvature, zero mean curvature and of unit boundary volume is compact in C m (M) for every 
positive integer m. 

We are going to describe the main ideas to prove the above results. Since the proof of Theo- 
rem [T72] relies on the compactness result of Theorem ll.6l (see corollarv ll.7|) . it is convenient to discuss 
first the latter. We use the same arguments as in [37] and [25J and noticing that, due to the Green 
representation formula (see Lemma [2~2j) . we have only to take care of the behaviour of the restriction of 
m on dM, see Remark [L~5l 

Now having this compactness result we can describe the proof of Theorem 11.21 assuming Q and 
that Pg' 3 is non-negative. First of all from K( P 4 P 3) G (fc47r 2 , (k + l)47r 2 ) and considerations coming 
from an improvement of Moser-Trudinger inequality, it follows that if II(u) attains large negative values 
then e 3u has to concentrate near at most k points of dM. This means that, if we normalize u so that 
JdM e3u ds g = 1, then naively e 3u ~ J2i=i tiS Xi , %i S DM, U > 0, J2i=i U — 1- Such a family of convex 
combination of Dirac deltas are called formal barycenters of dM of order k, see Section 2 , and will 
be denoted by dM^. With a further analysis (see Proposition (|4. 10[) ), it is possible to show that the 
sublevel {// < — L} for large L has the same homology as dMk- Using the non contractibility of dMk, 
we define a min-max scheme for a perturbed functional II p , p close to 1, finding a P-S sequence to 
some levels c p . Applying the monotonicity procedure of Struwe, we can show existence of critical points 
of II p for a.e p, and we reduce ourselves to the assumptions of Theorem 1 1.71 

Acknowledgements: I would like to thank Professor Andrea Malchiodi for several stimulating discus- 
sions. 

The author have been supported by M.U.R.S.T within the PRIN 2006 Variational methods and nonlinear 
differential equations. 

2 Notation and Preliminaries 

In this brief section we collect some useful notations, state a lemma giving the existence of the Green 
function of the operator (Pg , P 3 ) with its asymptotics near the singularity and a trace analogue of the 
well-known Moser-Trudinger inequality for the operator Pp 3 when it is non-negative. 

In the following B p (r) stands for the metric ball of radius r and center p , B+(r) = B p (r) n M if 
p G dM. Sometimes we use B+(r) to denote B p (r) n M even if p £ dM. 

In the sequel, B x (r) will stand for the Euclidean ball of center x and radius r, B+(r) = B x (r)C\M.+ if x G 
8M.\. We use alsoB+(r) to denote B x (r) flt| even if x £ We denote by d g (x,y) the metric 
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distance between two points x and y of M and d g {x,y) the intrinsic distance of two points x and 

y of dM. Given a point x S <3M, and r > 0, B® M (r) stands for the metric ball in dM with respect 

to the (intrinsic) distance d g (-, •) of center x and radius r. H 2 (M) stands for the usual Sobolev space 

of functions on M which are of class H 2 in each coordinate system. Large positive constants are always 

denoted by C, and the value of C is allowed to vary from formula to formula and also within the same 

line. M 2 stands for the Cartesian product M x M, while Diag(M) is the diagonal of M 2 . Given a 

function u G i 1 (9M), uqm denotes its average on dM, that is u~qm = (Vol g (dM))~ J 9M u(x)dS g (x) 

where Vol g {dM) = J 9M dS g . 

N denotes the set of non-negative integers. 

N* stands for the set of positive integers. 

Ai = 01 (1) means that A\ — ► as the integer I — ► +oo. 

A e — o e (l) means that A e — > as the real number e — > 0. 

^4-5 = 05(1) means that As — ► as the real number S — > 0. 

Ai = 0(E>i) means that A[ < CB[ for some fixed constant C. 

dV g denotes the Riemannian measure associated to the metric g. 

dS g stands for the Riemannian measure associated to the metric g induced by g on dM . 
da g stands for the surface measure on boundary of balls of dM. 
I • \ g stands for the norm associated to g. 

f = /(a, b, c, ...) means that / is a quantity which depends only on a, b, c, .... 
Next we let dMu denotes the family of formal sums 



It is known in the literature as the formal set of barycenters relative to dM of order k. We recall that 
dMk is a stratified set namely a union of sets of different dimension with maximum one equal to 4k — 1. 

Next we recall the following result (see Lemma 3.7 in [13)) which is necessary in order to carry out 
the topological argument below. 

Lemma 2.1 (well-known) For any k > 1 one has H^-i {dMk] Z2) =/= 0. As a consequence dM^ is 
non-contractible. 

If (p G C l (dM) and if a G dMk, we denote the action of a on <p as 



A- 



k 



(14) 




k 



k 





i=l 



i=l 



Moreover, if / is a non- negative L 1 function on dM with J gM fds g = 1, we can define a distance of / 
from dMk in the following way 



(15) 




We also let 



(16) V E . k = {/ G L\dM) : / > 0, Wf\W(dM) = l,d(f,dM k ) < s} . 



Now we state a Lemma which asserts the existence of the Green function of (P g ,P g ) with homoge- 
neous Neumann condition. Its proof can be found in [27j . 

Lemma 2.2 Assume that KerPp 3 ~ R, then the Green function G(x,y) of (P g ,P g ) exists in the 
following sense : 

a) For all functions u G C 2 {M), -M^- = 0, we have 
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b) 

G(x,y)=H(x,y)+K(x,y) 
is smooth on M 2 \ Diag(M 2 ), K extends to a C 2+a {unction on M 2 and 

^/(r)logi if B s (x)ndM = <t); 



H(x,y) 



^/(r)(log i + log i) otherwise. 



where /(•) = 1 in [— 4, 4j and /(•) £ Cq°(—S,8), 5 < | min{(5i, ^2}, <5i is i/ie injectivity radius of M in 
M, and 82 = r = d g (x, y) and f — d g (x, y). 

Next we give a regularity result corresponding to boundary value problems of the type of BVP ([7]) 
and high order a priori estimates for sequences of solutions to BVP like (| 10[) when they are bounded from 
above. Its proof is a trivial adaptation of the arguments of Proposition 2.3 in [55] 

Lemma 2.3 Let u G H_o_ be a weak solution to 

dn 

( P^u = h in M ; 

\ P 3 u + f = fe 3u on dM. 

with f £ C°°{dM), h G C°°(M) and f a real constant. Then we have that u G C°°(M). 
Let ui G H a be a sequence of weak solutions to 

dn 

( P^m = hi in M; 

\ P 3 m + fi = f t e 3u ' on dM. 

with fi — > f in C k (dM), fi — > f Q in C k (dM) and hi — > h in C k (M) for some fixed k G N*. Assuming 
su PdM u i ^ C we have that 

\\ui\\c k + 3 +o(M) < C 

for any a G (0, 1). 

Now we give a Proposition which is a trace Moser-Trudinger type inequality when the operator P g ' 3 is 
non-negative with trivial kernel. Its proof can be found in [29] . but for the reader convenience we will 
repeat it here. 

Proposition 2.4 Assume P g ' 3 is a non-negative operator with KerPp 3 ~ R. Then we have that for 
all a < I2ir 2 there exists a constant C = C{M 1 g,a) such that 

y(u-u gM ) 2 



(17) / e v 9 ' IWrtdSg < C, 

J dM 

for all u G H o , and hence 

(18) log/ e 3 ^dS g <C+^-(P^u,u) VueH^. 

Proof. First of all, without loss of generality we can assume uqm — 0. Following the same argument 
as in Lemma 2.2 in [9]. we get V/3 < I671" 2 there exists C = C{[3, M) 



e f M \± g «\*dv g d y <C \/w G H_a_ with v dM = 0. 

M 
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From this, using the same reasoning as in Proposition 2.7 in |28j . we derive 



(19) 



2 < M > dV„ <C, \/v e H_o_ with v 9M = 0. 



M 



Now let X be a vector field extending the the outward normal at the boundary dM. Using the divergence 
theorem we obtain 



e au dS g = / div 

dM JM 



dV g . 



Using the formula for the divergence of the product of a vector fied and a function we get 



(20) 



()M 



e au dS g = / {div g X + 2uaV g uV g X) e au dV^ 



M 



Now we suppose < Pg' 3 u,u >l 2 (m)< 1; then since the vector field X is smooth we have 



(21) 



thansk to (fT9l). Next let us show that 



M 



div g Xe au dV g 



<C; 



2auV g uVgXe au dV g . 



< C 



Let e > small and let us set 



It is easy to check that 



Using Young's inequality we obtain 



4 „ 4 

Pi = o > P2 = 4, p 3 = -. 



3-e' 
111 

Pi P2 P3 



1. 



M 



< C||w|| L | ||V s u||x,4 



e a ^ u2 dV a 



On the other hand, Lemma 2.8 in [28j and Sobolev embedding theorem imply 



and 



HI L I <c; 



v 9 u|| L 4 < a 



Furthermore from the fact that a < 12tt 2 , by taking e sufficiently small and using (HHJ), we obtain 



JM 



— u dV c 



Thus we arrive to 
(22) 

Hence (2DJ|, flU) and © imply 



< C. 



as desired. So the first point of the Lemma is proved. 
Now using the algebraic inequality 



2„2 



3ab < 3j z a 



362 

4 7 2 



we have that the second point follows directly from the first one. Hence the Lemma is proved. 
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3 Proof of Theorem 11.61 

This section is concerned about the proof of Theorem 1 1.61 We use the same strategy as in [27] and [28] . 
Hence in many steps we will be sketchy and referring to the corresponding arguments in [27] . However, 
in contrast to the situation in |28j . due remark Tl.51 we have only to take care of the behaviour of the 
restriction of the sequence ui to the boundary M. 

Proof of Theorem lL6l 

First of all, we recall the following particular case of the result of X. Xu ( Theorem 1.2 in [31]). 

Theorem 3.1 fl&fl j There exists a dimensional constant 03 > such that, ifu £ C 1 (IR 3 ) is solution of 
the integral equation 

u(x) = f a 3 log (t-^-t) e*»Wdy + co, 
Jr3 \\x-y\J 

where Cq is a real number, then e u £ L 3 (R 3 ) implies, there exists I > and xq G R 3 such that 

u(x) = log ( 21 ^ ) . 

\T + \x - x \-J 

Now, if ct 3 in Theorem l3.ll we set fc 3 = 27r 2 i7 3 and 73 = 2(fc 3 ) 3 
We divide the proof in 5-steps as in [27] . 

Step 1 



There exists N 6 N*, N converging points (xi,i) C dM i — 1, N, N with limit points Xi 6 dM, 
sequences (pi,i) i — 1; N ; of positive real numbers converging to such that the following hold: 



a) 

6) For every i 



+00 i j i,j 1 V and T l (x i , l )nl l e 3u « x «) = l\ 



1 . 473 

Vi,i(x) = ui(exp Xi l (fj, ii ix))-ui(x ii i)--log(k 3 ) — > V (x) in C loc (R + ), Va\ m *_(x) := log( ^ 2 + ); 

and 

lim lim / Ti(y)e 3ui ^ds g (y) = 4tt 2 ; 

r-^+oo i->+oc y B + t ( RlHil ) n gM 

c) 



There exists C > suc/i i/wrf inf dJx l h x) 3 e 3u ' (x) <C Vx € 9M, £ N. 

i=l,...,iV ' 

Proof of Step 1 

First of all let xi e <9Af be such that ui(xi) = max l£ 3jvfUi(i), then using the fact that ui blows up we 
infer ui{x{) — > +00. 

Now since dM is compact, without loss of generality we can assume that xi — > x G dM. 

Next let w > be such that f t (xi)fi 3 e 3ui ^ = 1. Since T) — > T C^dM), T > and ui(x t ) — > 

+00, we have that ui — > 0. 
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Let B^iSfit 1 ) be the half Euclidean ball of center and radius 5fj, l , with S > small fixed . For 
x £ £?9 (Sfi^ 1 ), we set 

(23) vi(x) = ui(exp Xl (fiixj) - u t (xi) - -log(fe 3 ); 

(24) Qi{x) = Qi{exp xi (nix)); 

(25) Qi{x) = Qi(exp xi (pix)); 

(26) gi{x) = (exp* Xl g) (fiix). 
Now from the Green representation formula we have, 

(27) ui{x) -u t = [ G(x,y)P£ui(y)dV g (y) + 2 f G(x,y')P^ Ul (y')dS g (y'); Vx e M, 

JM JdM 

where G is the Green function of (Pg, P g ) (see Lemma |2~2"|) . 

Now using equation (jTO]) and differentiating (j2"T|) with respect to a; we obtain that for k = 1, 2 

|V fc u«UaO < / |V fc G(x,y)| 9 T i (y) e 3tl!to) dK, + 0(l), 
since T; — ► T in C 1 {dM) and Q ; -» Q in C 1 (M). 

Now let e B+fifyt;), i? > fixed, by using the same argument as in [57] ( formula 43 page 11) wc 
obtain 

(28) / \V k G(y u y)\ g e^dV g (y) = 0(^ k ) 

JdM 

Hence we get 

(29) \V k Vl \ g (x) < C. 
Furthermore from the definition of vi (see (|2"3"1) ). we get 

(30) vi{x) < v,(Q) = ~ log(fe 3 ) Vx e 

Thus we infer that (vi)i is uniformly bounded in C 2 (K) for all compact subsets K oi R+. Hence by 
Arzela-Ascoli theorem we derive that 

(31) w, — » V Ct oc (Rl), 
On the other hand ((30]) and (]3"T]) imply that 

(32) Vb(x) < Vb(Q) = -~ log(fe 3 ) Vxel|. 



Moreover from ([29]) and (|3Tj) we have that Vq is Lipschitz. 

On the other hand using the Green's representation formula for (Pg, Pg) we obtain that for x € fixed 
and for R big enough such that x 6 B+(R) 

(33) ui(exp w ,(nix))-Ui = \ G{exp Xl (mx),y)P g i ui{y)dV g {y) + 2 \ G(exp xl (fj,ix),y')P^ui(y')dS g (y'). 

JM JdM 
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Now let us set 



and 



h{x) = 2 / (G{ex Pxi {^),y') -G( e ^ ! (o), y '))^(y)e 3Ui(? ' ) ^ 9 (y'); 

JB+(Rm)r\dM 

n,(x) = 2 / (G(ex Pxi (mx),y') - G{exp Xl {Q),y'))Ti{y')e^^dS g {y'); 

JdM\(B+(R^) 

UJi(x) = 2 f (G(exp Xl (mx),y') - G(exp Xl (0),y'))T l (y)dS g (y'); 

JdM 

lllhix) = 2 f (G(exp Xl (iiix),y) ~ G(ex Pxi (0),y))Qi(y)dV g (y). 
Jm 



Using again the same argument as in [27] (see formula (45)- formula (51)) we get 

(34) vi (x) = I, (x) + Ih (x) - III; (x) - IIII, (x) - i log(3). 
Moreover following the same methods as in [27] ( see formula (53)-formula (62)) we obtain 

(35) Kmli{x)= f ^logf'^L'jea^oW^. 

' JB°(R)ndR 4 + \\x-z\J 

(36) limsupllj(x) = Or(1). 

i 

(37) llh(x) =oj(l) 
and 

(38) IIII^x) =oj(l). 

Hence from (|3"TT) . (f5^|) - (f55]) by letting Z tends to infinity and after R tends to infinity, we obtain Vbra3( 
that for simplicity we will always write by Vo) satisfies the following conformally invariant integral equa- 
tion on R 3 



o(x) = / a 3 log (t-^-t) e 3V ^dz - \ log(fc 3 ). 
7 R 3 \\x-z\J 3 



(39) V c 

Now since Vq is Lipschitz then the theory of singular integral operator gives that Vq £ C 1 (R 3 ). 

On the other hand by using the change of variable y = exp xi (/x;x), one can check that the following holds 

(40) lim f f ie 3u 'dV g = k 3 [ e 3V °dx; 

l >+!xJ B + i (K w )ndM JB+(R)ndR 4 + 



Hence ([13) implies that e v ° € L 3 ( 
Furthermore by a classification result by X. Xu, see Theorem l3.ll for the solutions of (|39[) we derive 
that 



(41) V (x) = log 



21 



I 2 + \x — x \ 



for some I > x S M 3 . 

Moreover from Vo(x) < Vb(0) = — |log(fe3) Vx 6 R 3 , we have that I — 2k 3 and xo — namely, 



V (ar) = log( 2 4 7 3 | |2 )• 
4 7 | + |x| 2 
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On the other hand by letting R tends to infinity in (|40f we obtain 

(42) lim lim / fi(y)e 3u ' {y) dS g (y) = fc 3 [ e 3V °dx. 

«-►+<» 2-H-oo /g+ (_R Mi )nO_R* JK3 

Moreover from a generalized Pohozaev type identity by X.Xu [34] (see Theorem 1.1) we get 

e 3Vo(v) dy = 2j 



C3 



hence using (T4*2"|) we derive that 



lim lim / Ti(y)e 3u ^ v) dS g (y) = 4tt 2 



Now for fc > 1 we say that (Hk) holds if there exists fc converging points (xi,z)i C dM i = 1, fc, fc 
sequences (/Xj ;) i = 1, fc of positive real numbers converging to such that the following hold 

(4) 

rfg(sM,Sj,0 _^ +QQ . iJ = 1 Aand f,(a; i , I )/x? i e 3u '^-') = 1; 



For every i = 1, •, fc 



v it i(x) = ui(exp Xi l (/Mjx)) - u^m) - ~ log(fc 3 ) — > Vq(:b) in C i 1 oc (K+), ^oiaa* := log( / 73 ) 

3 1 + 473 + \x\ z 

and 

lim lim / fi(jy)e 3uife) = 4tt 2 

Clearly, by the above arguments holds. We let now fc > 1 and assume that (Hk) holds. We also 
assume that 

(43) supi? fc ,z(a;) 3 e 3ni(:l;) — > +00 as I — ► +00, 

dM 



where 



Rk,i(x) = min d g (xn,x). 

i=l;..;fe 



Now using the same argument as in [18], [27] and the arguments which have rule out the possibility of 
interior blow up above that also apply for local maxima, one can see easily that (Hk+\). Hence since 
(A k ) and of H k imply that 



dM 



ftiy^'MdSgiy) > fc47r 2 + 0/ (l). 



Thus (JT3J) imply that there exists a maximal fc , 1 < fc < (j M Qo(y)dV g (y) + Jg M To(y')dS g (y')) , 
such that (Hk) holds. Arriving to this maximal fc, we get that (|4"3"|) cannot hold. Hence setting N = k 
the proof of Step 1 is done. 
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Step 2 

There exists a constant C > such that 

(44) Ri{x)\V g ui\ g {x) <C Vxe M and V2 e N; Vie dM 

where 



Ri(x) = min d g (xn,x); 

i—l,..,N 



and the xn's are as in Step 1. 



Proof of Step 2 

First of all using the Green representation formula for (P% , Pg) see Lemma |2"T21 we obtain 
«i(aO —««=/" G(x 1 y)P^u l (y)dV g (y) + 2 f G(x,y')P^ Ul (y')dS g (y'). 

M JdM 



Now using the BVP (0 we get 

m{x)-ui = -2( G(x,y)Q l dV g (y)-2 [ G(x,y')T l (y')u l (y')dS g (y') 

-2 / G(x,j/)T i (y')e 3tl!(s '' ) ^(y')- 



Thus differentiating with respect to x (|45p and using the fact that — > Qo, Qi ~> Qo an( l ^1 ~ > lb i n 
C 1 , we have that for a;; 6 <9M 

|V fl u,(*OI» = O ( [ - n ^—^ 3u '^dS g (y)) + 0(1). 
\JdM dg(xi,y) J 

Hence at this stage following the same argument as in the proof of Theorem 1.3, Step 2 in [27], we obtain 

/ <ri( l ^ e3Mv)dV ^ = (jn^)-' 

JdM (d g {xi,y)) \Ri{xi)J 
hence since xi is arbitrary, then the proof of Step 2 is complete. 



Step 3 

Set 



Ri l = min d g (xi i, xj i); 



we have that 

1) There exists a constant C > such that V r € (0, Ri.i] V s € (|, r] 

3 

(46) |uj (ea;p Xi(! (ra;)) - u; (exp Xil (ay)) | < C /or a// i,i/6 9R|. such that \x\, \y\ < -. 

2) If di i is such that < dn < ~- and ■^ Li — ► +oo then we have that 
if 

(47) f fdyy^dSgiy) = 4tt 2 + o,(l); 

JB+. :l (di,i)ndM 



then 

15 



/ Tz^e^'^da^j/) =47r 2 + 0i (l). 

, (2di ,)ndM 



3) Let R be large and fixed. If du > is such that dij — ► 0, — > +oo, and dij < 
then if 

Qi(2/)e 3 " !fe) ^(2/) = 47r 2 + 0/ (l); 
then by setting 

ui(x) = ui(exp Xt l (d it ix)); x G 

where A+ R = {B%{2R) \ B%{^)) n we have that, 

\\ d i,i e3ui \\c«(A+) -* as i^+oo; 
for some a e (0, 1) where A+ = {B\(R) \ B\{^)) n <9K|. 
Proof of Step 3 

We have that property 1 follows immediately from Step 2 and the definition of Rij. In fact we can join 

rx to sy by a curve whose length is bounded by a constant proportional to r. 

Now let us show point 2. Thanks to — ► +oo, point c) of Step 1 and (|4"7|) we have that 

(48) / e 3 "'WdS fl (y)= 0; (l). 

JB+ i (d < ,,)nSM\S+ ( (-^i)n9M 

Thus using (|46p. with s = | and r = 2df j we get 



e 3t 



Ul{y) ds g (y)<C e 3u ^dS g (y); 
fl« 4) , (2di,i)naM\B+ (! (di,i)naM Jb+ , (d i , ! )naM\s+ , (-^)naM 



Hence we arrive 

/ e 3 "^dS 9 (2/) =0,(1). 

jb+ iZ (2d < ,,)naM\B+ (d M )naM 

So the proof of point 2 is done. On the other hand by following in a straightforward way the proof of 
point 3 in Step 3 of Theorem 1.3 in [STJ one gets easily point 3. Hence the proof of Step 3 is complete. 

Step 4 

There exists a positive constant C independent of I and i such that 

f l (y)e 3u '^dS g (y)=4n 2 + o l (l). 

Proof of Step 4 

The proof is an adaptation of the arguments in Step 4 ([27]) 
Step 5 :Proof of Theorem [TH 

Following the same argument as in Step 5([27J) we have 



/ e 3 ^dS g (y) = 0l (l). 



So since B+ (-7M-) n dM are disjoint then the Step 4 implies that, 



/ Ti(y)e*«WdS g {y) = 4Nir 2 + o,(l), 

JdM 
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hence (|13j) implies that 



Qo(y)dV g (y) + / T (y')dS g (y') = 4Nir 2 

M JdM 



ending the proof of Theorem ll.6l 



4 Proof of Theorem 11.2 



This section deals with the proof of Theorem 1 1.21 It is divided into four Subsections. The first one 
is concerned with an improvement of the Moser-Trudinger type inequality (see Proposition ^. 4p and its 
corollaries. The second one is about the existence of a non-trivial global projection from some negative 
sublevels of //onto dMk (for the definition see Section 2 formula [Ti|) . The third one deals with the 
construction of a map from dMk into suitable negative sublevels of 77. The last one describes the 
min-max scheme. 

4.1 Improved Moser-Trudinger inequality 

In this Subsection we give an improvement of the Moser-Trudinger type inequality, see Proposition ^. 41 
Afterwards, we state a Lemma which gives some sufficient conditions for the improvement to hold (see 
(|4T))0 . By these results, we derive that, for u G H_o_ such that II(u) attains large negative values, 

dn 

e 3u can concentrate at most at k points of dM. (see Lemma |4"T3"1) . Finally from these results, we derive 
a corollary which gives the distance of e 3u (for some functions u suitably normalized) from dMk- 

As said in the introduction of the Subsection, we start by the following Lemma giving an improvement of 
the Moser-Trudinger type inequality (Proposition ^. 4|) . Its proof is a trivial adaptation of the arguments 
of Lemma 2.2in |17j . 

Lemma 4.1 For a fixed I G N, let Si ■ ■ ■ Si+i, be subsets of dM satisfying, dist(Si, Sj) > So for i ^= j , 
let 70 G 

Then, for any e > 0, there exists a constant C — C(e, <5o, 70, 1, M, ) such that the following hods 
1) 

JdM + 167^ + 1 -6 M 9 "'"MM)' 

for all the functions u G H o satisfying 

dn 

L e 3u dSg 

(49) ^_> 70 , + 

In the next Lemma we show a criterion which implies the situation described in the first condition in 
(l4U|) . The result is proven in [T7] Lemma 2.3. 

Lemma 4.2 Let I be a given positive integer, and suppose that e and r are positive numbers. Suppose 
that for a non-negative function f G ^(dM) with ||/||z,i(9m) = 1 there holds 

/ fdSg < 1 — e for every l-tuples p\ , . . . , pe G dM 

Then there exist e > and r > 0, depending only on e, r, £ and dM (but not on f ), and I + 1 points 
p ll . . . ,Pf + i G dM (which depend on f) satisfying 

I fdS g >£,..., f fdS g > E; B™ (p t ) n Bl- M {p 3 ) = for i ^ j. 
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An interesting consequence of Lemma 14. II is the following one. It characterize some functions in 
H a for which the value of 77 is large negative. 

dN o o 

Lemma 4.3 Under the assumptions of Theorem ] 1 . 21 and for k > 1 given by ©, the following property 
holds. For any e > and any r > there exists large positive L = L(e,r) such that for any u € 
H_o_ with II(u) < —L, J gM e 3u dS g — 1 there exists k points . . . ,Pk,u £ dM such that 

(50) / e 3u dS g < e 

JdM\uf =1 B^M ( r ) 



Proof. Suppose that by contradiction the statement is not true. Then there exists e > 0, r > 0, and 
a sequence (u n ) £ Hg n such that J dM e 3Un dS g = 1, II(u n ) — > —00 as n — > +00 and such that 
for any k tuples of points pi, . . . , pk 6 <9M ,we have 



(51) / e 3 "^ < 1 - e; 

J(u' 



Now applying Lemma I4T21 with / = e 3u ", and after Lemma I4TT1 with do = 2f, Si = Bp^(f), and 70 = e 
where e , f, pi are given as in Lemma 14.21 we have for every e > there exists C depending on e, r, 
and e such that 

II(u n ) > {Pn' 3 u n , tin) + 4 / Q g u n dV g + 4 / T g u n dS g - ;K( P 4.p3) 3 — (P^ 3 u n , u n ) 

Jm Jom 3 167r^(fc + 1 - e) 

where C is independent of n. Using elementary simplifications, the above inequality becomes 



II(u n ) > {P^U n , U n )+4 Q g U n dV g + 4 / T gUn dS g ~ - ; <P g 4 ' 3 U„, «„) 

Jm JdM 47r l fc + 1 — e ) 

— CHpip3 — 4:Kp4p3U^Q M . 

So, since ^4^3 < (fc + l)4-7r 2 , by choosing e small we get 

II (O > P{P^u n ,u n )-AC(P g l ' 3 u n ,u n Y -C Kp 4 tP s; 

thanks to Holder inequality, to Sobolev embedding, to trace Sobolev embedding and to the fact that 
KerP^ 3 ~ R (where 0=1- 4 J^ 3 ,^ > 0). Thus we arrive to 

II(u n ) > -C. 

So we reach a contradiction. Hence the Lemma is proved. ■ 

Next we give a Lemma which is a direct consequence of the previous one. It gives the distance of the 
functions e 3u , from dMt for u belonging to low energy levels of II such that J gM e 3u dS g = 1. Its 
proof is the same as the one of corollary in [17) . 

Corollary 4.4 let e be a (small) arbitrary positive number and k be given as in ([9]). Then there exists 
I > such that, if II(u) < -L and f gM e 3u dS g — 1, then we have that d(e 3u , dM k ) < e. 



4.2 Mapping sublevels of II into (M< 



d)k 



In this short Subsection we show that one can map in a non trivial way some appropriate low energy 
sublevels of the Euler-Lagrange functional II into dMk- 

First of all arguing as in Proposition 3.1 in [ 47] , we have the following Lemma. 
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Lemma 4.5 Let m be a positive integer, and for e > let T> E/m be as in (|16p . Then there exists e m > 0. 
depending on m and dM such that, for e < Sk there exists a continuous map Tl m : T> ejn — ► dM m . 

Using the above Lemma we have the following non-trivial continuous global projection form low energy 
sublevels of II into dMk . 

Proposition 4.6 For k > 1 given as in ([9]), there exists a large L > and a continuous map ^ from 
the sublevel {u : II{u) < —L, J gM e 3u dS g — 1} into dMk which is topologically non-trivial. 

By the non-contractibility of dMk, the non-triviality of the map is apparent from b) of Proposi- 
tion [00] below. 

Proof. We fix Ek so small that Lemma 1431 applies with m = k. Then we apply Corollary 14.41 with 
~E = Ek- We let L be the corresponding large number, so that if II(u) < —L and f dM e 3u dS g = 1, then 
d(e 3u ,dMk) < Sk- Hence for these ranges of u , since the map u i— > e 3u is continuous from H X {M) into 
L 1 (dM), then the projections IL from i? 1 (S) onto dMk is well defined and continuous. . ■ 



4.3 Mapping dMk into sublevels of // 

In this Subsection we will define some test functions depending on a real parameter I and give estimate 
of the quadratic part of the functional II on those functions as I tends to infinity. And as a corollary 
we define a continuous map from dMk into large negative sublevels of //. 

For 8 > small, consider a smooth non-decreasing cut-off function xs ■ R+ — > M satisfying the following 
properties (see [17)): 

X«(*)=t, for t G [Q,<5]; 
= 2<5, /or t > 2<5; 
G [<5,2<S], /or teftJW]. 

Then, given er =G dMk, o~ = X)i=i an d I > 0, we define the function ;(fi lC '■ M — » R as follows 



(52) w, ff (y) = ^lo g 



3 



Z^ tl I l j. /2^2 



+ * 3 X?(*(l/)) 



where we have set 



<2i(s/) = d g (y, Xi), x { G <9M, y G M, ; 



with d g (-, ■) denoting the Riemannian distance on M. 
Now we state a Lemma giving an estimate (uniform in cr G dMk) of the quadratic part (Pg' 3 tpi^,ipi irT ) of 
the Eulcr functional //as Z — ► +oo. Its proof is a straightforward adaptation of the arguments in Lemma 
4.5 in [27J. 

Lemma 4.7 Suppose <pi l(T as in (|52[) and let e > small enough. Then as I — » +oo one /las 
(53) (i^'Vl.o-.W,*) < (l6n 2 k + e + o s (l))logl + C e j 

Next we state a lemma giving estimates of the remainder part of the functional // along (p a j . The proof 
is the same as the one of formulas (40) and (41) in the proof of Lemma 4.3 in [17] , 

Lemma 4.8 Soppose ip a ^ as in (|52|) . Then as I +oo one has 

[ Qgtfia.ldVg = - Kpi \ogl + 0(<5 4 logZ) + OQogS) + O(l); 
Jm 9 

/ Tgip^idVg = ~n p3 log / + 0(S 3 log I) + 0(log<5) + 0(1); 

and 

log / e 3v " ■' = 0(1). 

J'dM 
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Now for I > we define the map : dMk ^ H o by the following formula 

V a G dM k $i(<*) = 
We have the following Lemma which is a trivial application of Lemmas 14.71 and [ 4.81 

Lemma 4.9 For k > 1 (given as in ([9]) given any L > Zarge enough, there exists a small S and a 
large I such that II(J$>i(a~)) < —L for every er G dMk- 

Next we state a proposition giving the existence of the projection from dMj, into large negative sublevels 
of 77, and the non-triviality of the map \& of the proposition (|4.6D . 

Proposition 4.10 Let "J fee Z/ie map defined in proposition ^ ■ 6'| . TTien assuming h > 1 (given as in 
©,), /or every L > sufficiently large (such that proposition ^ .6\ applies), there exists a map 

$r : <9A/ fc — > iJ jl 

wrf/i </ie following properties 
a) 

II($l(z)) < -L for any z G <9M fc ; 

&; 

^ o $^ is homotopic to the identity on dMk- 

Proof. The statement (a) follows from Lemma 14.91 To prove (b) it is sufficient to consider the family 
of maps Ti : dMk — > dMk defined by 

T t (a) = tf(*i(o-)), t G 9M fc 

We recall that when Z is sufficiently large, then this composition is well defined. Therefore , since 
- — e - iv ' — 1 cr in the weak sens of distributions, letting Z — > +oo we obtain an homotopy between 

JdM e "' db S 

o $ and IddMk- This concludes the proof. ■ 



4.4 Min-max scheme 

In this Subsection, we describe the min-max scheme based on the set dMk in order to prove Theorem 1 1.21 
As anticipated in the introduction, we define a modified functional II p for which we can prove existence 
of solutions in a dense set of the values of p. Following a idea of Struwe ( see [33]), this is done by 
proving the a.e differentiability of the map p — * II p ( where II p is the minimax value for the functional 

II P )- 

We now introduce the minimax scheme which provides existence of solutions for (8). Let dMk denote the 
(contractible) cone over dMf., which can be represented as dMk — (dMk x [0, 1]) with dMk x collapsed 
to a single point. First let L be so large that Proposition ^. 61 applies with j, and then let Tbe so large 
that Proposition 14.101 applies for this value of L. Fixing Z, we define the following class. 

(54) IIj = i 71 " : dMk — ► H_a_ : n is continuous and ir(- X 1) = < E > r(-)}- 

We then have the following properties. 

Lemma 4.11 The setllj is non-empty and moreover, letting 

IIj= inf sup 77(7r(m)), there holds IIf>— — . 
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Proof. The proof is the same as the one of Lemma 5.1 in [17]. But we will repeat it for the reader's 
convenience. 

To prove that IIj is non-empty, we just notice that the following map 

7f(. J *)=t$K-) 

belongs to I If. Now to prove that IIj > — |f, let us argue by contradiction. Suppose that II f < — |f: 
then there exists a map ir S IIj such that su P mg g^ II(n(m)) < — |L. Hence since Proposition l4.6l 
applies with j, writing m = (z,i) with z e dAIk we have that the map 

t -> *o7r(-,t) 

is an homotopy in <9Affc between \E' o $^ and a constant map. But this is impossible since dMk is non- 

contractible and 'J' o $^ is nomotopic to the identity by Proposition ^. 101 

■ 

Next we introduce a variant of the above minimax scheme, following [T7] [33J and[57]. For p in a small 
neighborhood of 1, [1 — po, 1 + po], we define the modified functional II p : H o — > M 

(54) = {Pg^U, U)+4 P [ QgUdVg + 4^ f TgUdSg - ^^p^pS) bg / C^dSg', U £ H B . 

JM JdM & JdM 

Following the estimates of the previous section, one easily checks that the above minimax scheme applies 
uniformly for p G [1 — /?o, 1 + Po] and for / sufficiently large. More precisely, given any large number 
L > 0, there exist I sufficiently large and po sufficiently small such that 



(55) sup sup II{-K{m)) < — 2L; II p inf sup IIp(ir(m)) > — — ; p E [1 — po, 1 + Po], 



where I If is defined as in (|54[) . Moreover, using for example the test map, one shows that for po 
sufficiently small there exists a large constant L such that 

(56) II p < L, for every p € [1 - po, 1 + Po]. 



We have the following result regarding the dependence in p of the minimax value II p . 
Lemma 4.12 Let I and po such that (|55|) holds. Then the function 

U p 

p — > — - is non-increasing in [1 — po, 1 + 1 — po\ 
P 

Proof. For p> p , there holds 

II p (u) H p '(u) _(\ 1 . 



P P \P P 

Therefore it follows easily that also 

P P 

hence the Lemma is proved. ■ 

From this Lemma it follows that the function p — > — ^ is a.e. differentiable in [1 — po, 1 + po], and we 
obtain the following corollary. 
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Corollary 4.13 Let I and po be as in Lemma [4-lS\ and let A C [1 — po,l + po] be the (dense) set of 
p for which the function — ^ is differentiate. Then for p 6 A the functional II p possesses a bounded 
Palais- Smale sequence (it;)/ at level II p . 

Proof. The existence of Palais-Smale sequence (ui)i at level II p follows from (|55[) and the bounded 
is proved exactly as in [15] , Lemma 3.2. ■ 

Next we state a Proposition saying that bounded Palais-Smale sequence of II P converges weakly (up to 
a subsequence) to a solution of the perturbed problem. The proof is the same as the one of Proposition 
5.5 in [T7]. 

Proposition 4.14 Suppose (ui)i C Hj3_ is a sequence for which 

dn 

II p ( Ul ) -»c€M; Il' p [ Ul ] 0; f e 3u 'dS g = 1 |h|| ff3(M) < C. 

JdM 

Then (ui) has a weak limit u (up to a subsequence) which satisfies the following equation: 

P^u + 2pQ g = in M; 

P 3 u + pT g = / 9K(p 4i p3)e 3 " on dM ; 

= on dM. 

dn g 

Now we are ready to make the proof of Theorem ll.2l 



Proofof Theorem I1.2I 



By (|4.13[) and (|4. 14[) there exists a sequence pi — ► 1 and u; such that the following holds 



2piQ g = 

+ PiT a = pK(p 4:P 3 ) e 3 " ! : 
dui 
dn„ 



m 



M; 
on dM: 



= 



on 



dM. 



then applying corollary 1 1 . 71 wit h Qi — piQ g , Ti — p{T g and 



Now since k (p a^ 3) = J M Q g dV g +J gM T g dS g 
Ti = piK/pi t p3\ we have that ui is bounded in C A+a for every a € (0, 1). Hence up to a subsequence it 
converges in C 1 (AI) to a solution of (0. Hence Theorem 1X721 is proved. ■ 



Remark 4.1 As said in the introduction, we now discuss how to settle the general case. 
First of all, to deal with the remaining cases of situation 1, we proceed as in To obtain Moser- 

Trudinger type inequality and its improvement we impose the additional condition \\u\\ < C where u is 
the component of u in the direct sum of the negative eigenspaces. Furthermore another aspect has to be 
considered, that is not only e 3u can concentrate but also \\u\\ can also tend to infinity. And to deal with 
this we have to substitute the set dM/~ with an other one, A k ^ which is defined in terms of the integer k 
(given in © ) and the number k of negative eigenvalues of Pg' 3 , as is done in \17\ . This also requires 
suitable adaptation of the min-max scheme and of the monotonicity formula in Lemma \4.12\ which in 
general becomes 

p — > — - — Cp is non-increasing in [1 — po> 1 + Po}- 
P 

for a fixed constant C > 0. 

As already mentioned in the introduction, see Remark, to treat the situation 1, we only need to consider 
the case k ^ 0. In this case the same arguments as in [111 apply without any modifications. 
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